Abstract: A description of the commutator of a normal subcategory of the fusion category of representation Rep A of a semisimple Hopf algebra A is given. Formulae for the kernels of representations of Drinfeld doubles D(G) of finite groups G are presented. It is shown that all these kernels are normal Hopf subalgebras.
Introduction
In [1] the notion of a normal fusion subcategory of a fusion category was introduced as a categorification of the notion of a normal subgroup of a group. For the fusion category Rep A of a semisimple Hopf algebra it follows that a fusion subcategory is normal if and only if it is of the form Rep(A//L) where L is a normal Hopf subalgebra of A [1, Lemma 2.10].
Also in [7] the authors introduced the notion of commutator of a fusion subcategory of a given fusion category, and proved that if D ⊂ C then its commutator D co is a fusion subcategory if the Grothendieck ring of C is commutative. In this paper we show that the commutator D co is a fusion subcategory for any normal fusion subcategory D = Rep(A//L) of the fusion category C = Rep A. Moreover an explicit formula for D co is given in Theorem 2.2.
Recently the author introduced in [3] the notion of kernel of representation of a semisimple Hopf algebra, which generalizes the notion of kernel of group representations. It was proven that if the character of the representation is central in the dual Hopf algebra then the kernel is a normal Hopf subalgebra. It is not known whether the kernel of an arbitrary representation is in general a normal Hopf subalgebra. Hopf algebras having the property that all kernels of representations are normal are studied in [4] . It is shown that if a Hopf algebra has this property then its dual also has this property.
In this paper we prove that in the case D(G), of a Drinfeld double of a finite group G, all representations have the kernels normal Hopf subalgebras of D (G) . In order to do this we give an explicit description of kernels of all irreducible representations of D (G) . Note that the structure of all Hopf subalgebras of D(G) can be deduced from [5, Theorem 4.1] . In order to be able to handle the kernels of representations here we give a different description of these Hopf subalgebras and show that this description coincides with the description given in Theorem 4.1 of the above paper.
Fusion subcategories of the category Rep D(G) of a finite group G were recently studied in [15] . They are parameterized in terms of a pair of commuting subgroups of G and a G-invariant bicharacter defined on their product. The main ingredient used in [15] is the notion of centralizer for a fusion subcategory introduced in [13] . In this paper we will identify from the above mentioned parametrization all normal fusion subcategories of Rep D(G), i.e. those that are of the form Rep(D(G)//L) where L is a normal Hopf subalgebra of D (G) . We show that their associated bicharacters satisfy a stronger condition than that of G-invariance given in [15] .
This paper is organized as follows. The first section recalls some basic results on semisimple Hopf algebras and kernels of their representations that are needed in the paper. Kernels and centers of irreducible representations of the dual Hopf algebra CG * are computed here.
The second section is concerned with fusion subcategories of Rep A for a semisimple Hopf algebra A. The notion of a normal fusion subcategory from [1] is also recalled here. Next the formula for the commutator of a normal fusion subcategory of Rep A is given. Other necessary and sufficient conditions for a simple A-module to be in the commutator of a normal fusion subcategory are stated in Corollary 2.4.
In Section 3 a basis of central characters of Z(D(G)) ∩ C (D(G) *
) is given in Theorem 3.6. It is used in the next section to decide when a Hopf subalgebra of D(G) is a normal Hopf subalgebra. In the last section the parametrization from [15] of fusion subcategories of Rep D(G) is recalled. Then using the results of the previous section all normal fusion subcategories of Rep D(G) are identified.
We work over the algebraically closed field = C. For a vector space V the dimension dim C V is denoted by |V |. We use Sweedler's notation ∆( ) = 1 ⊗ 2 for comultiplication. All the other Hopf notation is that used in [12] .
Preliminaries

General conventions
Let A be a semisimple Hopf algebra over C. Then A is finite dimensional and also cosemisimple [10] . If K is a Hopf subalgebra of H then K is also a semisimple and cosemisimple Hopf algebra [12] . For any two subcoalgebras C and D of H we denote by C D the subcoalgebra of H generated as -vector space by all elements of the type with ∈ C and ∈ D.
Let G 0 (A) be the Grothendieck group of the category of left A-modules. Then G 0 (A) becomes a ring under the tensor product of modules and C (A) = G 0 (A) ⊗ Z is a semisimple subalgebra of A * [20] . Moreover, C (A) has a vector space basis given by the set Irr A of irreducible characters of A and C (A) = Cocom A * , the space of cocommutative elements of A * . By duality, the character ring of A * is a semisimple subalgebra of A and C (A * we denote by C be the simple subcoalgebra of H associated to the character (see also [9] ).
Kernels of characters for semisimple Hopf algebras
Let M be a representation of A which allows the character χ . Define ker A χ as the set of all irreducible characters ∈ Irr A * which act as the scalar ( ) on M. Then [3, Proposition 1.2] implies that
Similarly, let z A χ be the the set of all irreducible characters ∈ Irr A * which act as a scalar α ( ) on M, where α is a root of unity. Then from the proposition cited above it follows 
For any ∈ G one has CG
Proof. By its definition CG * is determined by all the characters χ ∈ Irr G such that χ ( ) = χ (1). These are precisely the characters of G/N( ).
Lemma 1.4.
For any ∈ G one has
Proof. By its definition Z is generated by the set of irreducible characters χ of G with the property that χ ( ) = ω χ (1) for some root of unity ω. Since N( ) is generated by the conjugacy class of it follows that every element of N( ) acts as a scalar on the representation Mχ allowed by χ . Then if ∈ N( ) and ∈ G it follows that
one has that left multiplication by any ∈ N( ) is a morphism of CG modules and Schur's lemma implies the conclusion.
On the commutator of a normal fusion subcategory of Rep A
Fusion categories
In this subsection we recall some basic facts on fusion categories from [6, 7] . As usually, by a fusion category we mean a -linear semisimple rigid tensor category C with finitely many isomorphism classes of simple objects, finite dimensional spaces of morphisms, and such that the unit object 1 C of C is simple. We refer the reader to [6] for a general theory of such categories.
Let C be a fusion subcategory and O(C) be its set of simple objects considered up to isomorphism. Recall that a fusion subcategory D of C is a full abelian replete subcategory of C such that if X Y ∈ D then X * ∈ D and X ⊗ Y ∈ D. For a set X of objects of C let X be the fusion subcategory of C generated by the set X . Recall that this means that X is the smallest fusion subcategory of C whose set of objects is containing the set X ∪ X * where X * = { * : ∈ X }.
Fusion subcategories of Rep A
Let A be a semisimple Hopf algebra. It is known that Rep A is a fusion category. Moreover there is a maximal central 
Normal fusion subcategory
Recall [1] that a fusion subcategory D ⊂ C is called normal if there is a normal tensor functor F : C → E such that D = ker F . By its definition, ker F is the fusion subcategory of C generated by the set of all objects X ∈ C with F (X ) = (FPdim X )1 D . For the definition of the Frobenius-Perron dimension FPdim X one has to consult [6] . It follows from [1, Lemma 2.10] that a normal fusion subcategory of Rep A has to be of the type Rep(A//L) with L a normal Hopf subalgebra of A.
The commutator subcategory of a normal fusion subcategory
Recall the notion of commutator subcategory from [7] . If D is a fusion subcategory of C then D co is the full abelian subcategory of C generated by objects X such that X ⊗ X * ∈ O(D). In the same paper [7] it is proved that D co is a fusion subcategory if the Grothendieck ring of C is commutative. In this section we show that D co is a fusion subcategory for any normal fusion subcategory with ∈ N and ∈ G [7] .
In this subsection we will describe the category Rep(A//L) co for any normal Hopf subalgebra L of A. 
Theorem 2.2.
Let L be a normal Hopf subalgebra of A. Then [A L] is a Hopf ideal of A and
-module allowing the character χ ∈ C (A). Since ( ) = ( ) for all ∈ A, ∈ L and ∈ M it follows that left multiplication by on M is a morphism of A-module. Schur's Lemma implies that each ∈ L acts by a scalar on M.
Conversely, suppose that M ⊗M * is a trivial L-module for an irreducible A-module. Let A = I M ⊕ Ann A M be the decomposition of A in two-sided ideals where I M is the minimal ideal in A corresponding to M. It is well known (see [19] for example) that the minimal ideal 
Definition 2.3.
Let L be a normal Hopf subalgebra of A. An irreducible character α of L is called A-stable if there is a character
. Such a character χ is said to sit over α.
is a finite subgroup of the group G(L *
). We also have the following characterization for simple objects M ∈ O (Rep(A//L) co ).
Corollary 2.4.
Let M be an irreducible module of A allowing a character χ . Then the following are equivalent:
3) L acts trivially on some tensor power M ⊗ of M. and therefore
Kernels of representations of D(G) and its central characters
The Drinfeld double D(G)
Let D(G) be the Drinfeld double of a finite group G over the complex field C. Recall that as a coalgebra D(G) = CG * cop ⊗ CG and the multiplication is given by
Moreover, the antipode is given by the formula
A vector space basis for D(G) is given by { } ∈G where { } ∈G is the dual basis of the basis of CG given by the group elements. 
Irreducible representations of D(G)
Let
Some results on group representations
In this subsection we give some results on group representations that are needed in the sequel. Let H be a subgroup of G. Denote by core G H the largest normal subgroup of G contained in H. Then core G H = ∈G H −1 . Let N be a normal subgroup of G. Then it is known that G acts on the set of irreducible characters of N. Let ∈ G and denote by C G ( ) the core subgroup core G C G ( ) of the centralizer C G ( ) of . For any ∈ G let N( ) be the smallest subgroup of G containing . It is easy to see that N( ) is the subgroup generated by the conjugacy class of . Also, for any subgroup N ⊂ G of G let C G (N) = ∈N C G ( ) be the subgroup of the elements of G that commute with each element of N.
Proposition 3.2.
Let ∈ G and N( ) be defined as above. Then N G (N( )) = C G ( ).
Proof. One has
). Since N( ) is generated by the conjugacy class of , 
∈ N G (N( )) if and only if commutes with all conjugates of . Therefore ∈ N G (N( )) if and only if
∈ ∈G C G ( −1 ) = C G ( ).
Lemma 3.3.
Let ∈ G and χ ∈ Z CG
* ( ) with χ ( ) = ω χ (1), ω ∈ C * .
Then all irreducible characters µ of G which satisfy µ( ) = ωµ(1) are constituents of χ N( ) ↑ G N( ) where N( ) is the trivial character of the normal subgroup N( ) of G.
Proof. If µ( ) = ωµ(1) then ∈ ker
Central characters in D(G)
Lemma 3.4. The following remark is straightforward.
Let =
∈G χ be a character of D(G) * with χ ∈ C (G). Then is central in D(G) if and only if χ −1 = χ and χ vanishes on G \ C G ( ).
Proof. The character is central if and only it is invariant under the adjoint action of D(G) on itself. Thus is central if and only if
Remark 3.5.
Let H be a subgroup of G. Then a character χ ∈ C (G) vanishes outside H if and only if it vanishes outside core G H.
Theorem 3.6.
A basis for Z D(G)) ∩ C (D(G) * is given by the elements D C where D and C run through all conjugacy classes of G that centralize each other element-wise.
Proof. Let The same lemma also implies that any central character is a linear combination of such characters.
Hopf subalgebras of Drinfeld doubles D(G)
If N is a normal subgroup of G let G st (N) be the group of linear characters of N that are stable under the conjugation action of G on the subgroup N. It is not difficult to check the following result. Its proof follows from Lemma 3.1. 
Hopf subalgebras of D(G)
In this subsection we describe all Hopf subalgebras of D(G). Let N and M be normal subgroups of G, X ⊂ G st (N) and ψ : X → G/M be a monomorphism of groups. Let D(N M X ψ) be the subcoalgebra of D(G) given by
In the next theorem it will be shown that D(N M X ψ) is a Hopf subalgebra of D(G).
Proposition 4.3.
With the above notation D(N M X ψ) is a Hopf subalgebra of D(G) for any given datum as above.
Proof. In order to show that a subcoalgebra of a semisimple Hopf algebra is a Hopf subalgebra is enough to show that the set of irreducible characters associated to the respective subcoalgebra is closed under multiplication and duality " * " (see [17, Theorem 6] ). Since D(G) is finite dimensional it is enough to show that this set is closed under multiplication only. Since is a G-stable character by Frobenius reciprocity it follows that
by the above lemma. This shows that D(N M X ψ) is a Hopf subalgebra of D(G).
Definition of the Hopf subalgebras C (M H λ)
Define the linear harpoon operators on C 
for all ∈ G, ∈ M and ∈ H. Define the following vector subspace of D(G): 
The correspondence between the two Hopf subalgebras Proposition 4.4.
With the above notations one has:
Proof. (a) As above suppose that ψ( ) = ψ 0 ( )M for a chosen element ψ 0 ( ) ∈ G. Then it is easy to see that λ X ψ is well defined and satisfies equations (1) and (2) . The rest of the proof follows from Lemma 4.2.
(b) This part is also straightforward. Note that the compatibility condition (3) implies that X ⊂ G st (N).
[5, Theorem 4.1] together with the previous proposition imply the following. X ψ) for a given datum as above. [11] ). In order to do this one needs to verify the conditions from Lemma 3. 
Corollary 4.5.
Any Hopf subalgebra of D(G) is of the type D(N M
Kernels of representations of D(G) and normal Hopf subalgebras of D(G)
Theorem 4.6.
A Hopf subalgebra D(N M X ψ) of D(G) is normal if and only ψ(
X) ⊂ C G (N)/M ∩ Z(G/M) and [N M] = 1.
Proof. In order to see when D(N M X ψ) is a normal Hopf subalgebra of D(G) it is enough to decide when its
integral Λ D(N M X ψ) is central in D(G) (see
Kernels of irreducible characters of D(G)
Since
Lemma 4.7.
For an irreducible representation ( γ) of D(G) its character ( γ) is given by
Proof. It is enough to show that
if there is ∈ G such that = 
Proof. Define the following set of scalars:
It can be easily checked that H is a subgroup of C * . Since C is algebraically closed and H is finite it follows that H is a cyclic group. Therefore H = {1 ω ω −1 } for some root of unity ω of order . Let χ 0 and 0 such that (
3 implies the conclusion of the proposition.
Corollary 4.9.
With the notation of the previous proposition, the Hopf subalgebra of D(G) generated by the characters χ , with
Proof. Note that S is closed under multiplication, i.e. if ( χ ) ( χ ) ∈ S then (µ ) ∈ S for any µ, an irreducible constituent of χχ . Then using [17, Theorem 6] it follows that this set generates a Hopf subalgebra of D(G) which clearly should coincide with D N( ) core G (ker M γ) X ψ .
Remark 4.10.
Note that since γ(
Theorem 4.11.
Let ∈ R and γ ∈ Irr C G ( ). Then the Hopf subalgebra
is a normal Hopf subalgebra of D(G). Moreover, with the above notation one has
for some G-stable linear character 0 of N( ) and some group monomorphism ψ :
Proof. First we will describe ker ( γ). An irreducible character of D(G) *
is given by χ with χ ∈ Irr G and ∈ G.
Note that the above the sum has at most |G|/|C G ( )| terms and the absolute value for each term satisfies
. Then we deduce that the above equality is satisfied if and only if there is a root of unity ω ∈ C * such that χ ( ) = ω χ (1) and ∈ core G (Z C G ( ) γ) with the property that γ(
Thus the set S = ker D(G) ( γ) satisfies the hypothesis of Proposition 4.8. Then as in Corollary 4.9 it follows that there is 0 a G-stable linear character of N( ) and 0 ∈ G such that
Thus one can take X to be the group generated by 0 and define ψ by sending 0 to the class of 0 modulo core G (ker C The description of the kernels from the previous theorem implies the following corollary.
Corollary 4.12.
With the above notation one has D
(1 γ) = CG *
C(ker G γ).
A proof similar to the proof of Theorem 4.11 gives Proposition 4.13.
Note that Lemma 1.4 is also needed in order to compute the center Z CG * .
Normal fusion subcategories of Rep D(G)
Fusion subcategories of Rep D(G)
In this subsection we recall the parametrization of fusion subcategories of Rep D(G) given in [15] .
Let D be a fusion subcategory of C. Then, following [14] , the fusion subcategroy D is completely determined by two canonical normal subgroups
. The subgroups K D and H D are defined as follows: 
This is well defined and does not depend on γ [15] . Recall, see again [15] , that a bicharacter is called G-invariant if and only if B(
) for all ∈ G, ∈ K and ∈ H.
Conversely, any two normal subgroups K and H of G that centralize each other element-wise together with a G-invariant bicharacter B : K × H → C * give rise to a fusion category denoted by S(K H B) in [15] . It is defined as the full abelian subcategory of Rep D(G) generated by the objects ( γ) such that ∈ K ∩ R and γ ∈ Irr C G ( ) such that γ( ) = B( )γ(1) for all ∈ H.
Normal fusion subcategories of Rep D(G)
In this subsection we will identify all the normal fusion subcategories S ( Using the previous theorem we can give the following criteria. 
Theorem 5.3.
A fusion subcategory S(K H B) is a normal fusion subcategory of
for all ∈ G. In these conditions
where X = {B( · ) : ∈ H} and ψ : X → Z(G/K ⊥ ) ∩ C G (K )/K ⊥ is given by ψ( ) = for any ∈ H with = B( · ).
Proof. Suppose that S(K H B)
is a normal fusion subcategory. Then, using the previous theorem, (6) follows for some data (N M X ψ). Thus B( −1 ψ 0 ( ) ) = ( 
